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 ABSTRACT 

 

The prompt component of cosmic showers received increasing interest in the 

last decade because of its potential to expose us to new physics and to help 

us explore the universe using neutrino telescopes. In this study we 

investigate the zenith angle dependence of the prompt component for energy 

ranges between 10
11

 and 10
17

 eV using a computer code named ATMOS. 

We found that correctly parametrizing to account for double precision 

variables will increase both the time efficiency and the flux profile for 

various angles. We further improved our flux by using a temperature 

dependent model for the atmosphere as well as including the effect caused 

by the curvature of the earth.   
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CHAPTER 1 

 

 THE PHYSICS OF COSMIS RAY SHOWERS 

 

1.1 Introduction 

Cosmic rays consist mostly of high speed protons with about 9 percent helium and 

heavier nuclei, and a small percentage of electrons, positrons, and anti-protons. The Earth 

is continually bombarded by these particles, which collide with the atmosphere in the 

stratosphere (few tens of kilometers above the earth’s surface) to produce more particles 

that can be detected throughout the atmosphere and sometimes deep underground.  

 

 Cosmic Rays were discovered by noticing that “the rate of leakage of an electric 

charge from an electroscope within an air-tight metal chamber could be reduced as much 

as 30% by enclosing the chamber within a completely encircling metal shield or box with 

walls several centimeters thick”[1]. Since their discovery, cosmic rays have had 

significant impact on high energy physics. Up until the 1960’s, cosmic ray experiments 

were working shoulder to shoulder with accelerator experiments in discovering new 

generations of particles. Cosmic ray photographs identified various particles such as the 

positron, charged muons, charged kaons, and various strange particles [2].  Since then, 

cosmic ray detectors have been used to explore higher energies mainly because cosmic 

ray conditions “permitted measurement of masses, lifetimes, and decay branching ratios, 

but did not favor determination of  say, magnetic moments, or very detailed interaction 

properties of particles” [2]. To demonstrate this point, the highest energy produced by 



 2 

man made machines is of the order 10
12

 eV, in comparison to energies up to 10
19

 eV that 

are measured by cosmic shower arrays. On the other hand, particle physicists have much 

more control on the conditions of their experiments.  

   

The study of cosmic rays can be reduced to three main topics:  

1- The energy distribution; the energy carried by each component of the shower.   

2- The chemical composition; the nature of the particles constituting the shower. 

3- The isotropy of cosmic rays with respect to potential sources within the galaxy or 

exterior to it.  

 

Our research addresses a small part of the first topic, namely the particle flux 

dependence on energy for a component of the cosmic shower. We will, however, discuss 

briefly the composition and isotropy of cosmic showers.     

 

1.2 Energy Distribution 

1.2.1 Energy Spectrum  

As we seek to understand the overall astronomical picture of cosmic rays, we need to 

know how much energy these rays carry individually and together. Cosmic ray particles 

do not all have the same energy; the spread of energies is termed the energy spectrum, 

and the shape of this spectrum can tell us a lot about the physical processes through 

which the particles have been accelerated. For example, it might give indications about 

the travel of cosmic rays before they are detected on earth. Once we measure the energy 
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carried by individual carriers and know the number of each carrier with different 

energies, we can calculate the total energy of the cosmic ray beam.  

 

The flux of primary cosmic rays ranges from approximately one particle per 

square meter per second at the lowest energy to one particle per square kilometer per 

century at the highest energies. This magnitude of flux implies that the energy density in 

ultrahigh energy (comparable to the GZK limit i.e. 10
18

 eV, refer to section 1.2.2 for 

further explanation on it) cosmic rays is very large. If the energy density that we observe 

on earth is similar to what exists in extragalactic space, a significant component of the 

total energy of the universe is in cosmic rays [9].  

 

There are two methods to represent the energy spectrum: Plotting the differential 

flux given by 
dE

dN 1
, where N is the number of particles per unit area per steradian per 

time, with respect to energy E [see fig 1.1], or plotting the flux as a function of energy E 

[see fig 2.1].   

                                                 
1
 Our reference referred to the differential flux as dF/dE 
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Fig 1.1: The differential flux as a function of the logarithm of the energy as observed by 

AGASA (squares) and Fly’s Eye (triangles) experiments [10], the differential flux (here 

represented by dF/dE, was multiplied by E
3
 to make an eye friendly pattern. 

 

For the first method, the data collected from various experiments gives the 

following functional relation 

                                

 ( 1)dN
E

dE

γ− +
= .  (1.1) 

 

For energies between 10
10

 and 10
15

 eV, γ ≈ 1.7, and beyond that γ ≈ 2.
 
Multiplying the 

differential cosmic ray spectrum by a power of the energy (in fig 1.1 it is the power of 3) 

is often used to flatten the spectrum and make spectral changes readily visible. On the 

other hand, this technique is somewhat risky because it exaggerates small differences in 

the energy normalization in different experiments.  
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The second method to represent the energy distribution is by graphing the flux 

(N) versus the energy (E) [see fig 1.2]. 

 

Fig 1.2: The flux of cosmic rays plotted as a function of the energy [11]. 
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This data can be represented by the following equations 

                           

 -2.7 10 15N  E  for energies between 10  and 5 × 10  eV (the knee)≈ , (1.2) 

 

                 -3.1 15 18N  E  for energies between 5× 10  and 3 × 10  eV (the ankle)≈ .          (1.3)     

 

The fact that the flux has a power law spectrum is sufficient evidence to indicate 

that these rays are generated by non-thermal mechanisms. Fermi showed that this 

spectrum can be obtained if the particles are accelerated through elastic collisions with 

randomly moving clouds traveling through the interstellar space. Flux is usually 

expressed as the number of particles, arriving per area, per second, per solid angle in 

steradians (all sky is 4 pi), and per energy interval [See Appendix A for a derivation].  

The result was 

 

 
1

( )

( )

TCyc

T

N E E ε
−

∝ , (1.4) 

 

which shows a power spectrum. This promising result suffered from the fact that the 

velocity of the beam was much less than the speed of light, and that the free path 

estimated for their collisions with magnetic clouds is of the order of one parsec, which 

makes it not enough to generate sufficient accelerations from ordinary magnetic clouds. 

Blandford et al. [12] showed that the shock wave propagation from supernovae through 

the interstellar medium can be a relatively efficient method of accelerating cosmic rays 

up to 10 TeV for protons. The spectrum then will have the form 
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 2( )J E p ε+
∝ , (1.5) 

 

where p is the particle’s momentum and ε is a factor that depends on the velocity of the 

matter before and after the shock.     

 

The highest energy yet reported for an individual particle is 3×10
20

 eV (same 

energy of a baseball thrown at 90 km/hr) [3]. For energies higher than 1 × 10
9
eV both the 

energy and any identification of the primary particle must come from the analysis of the 

shower structure and development. This analysis depends on extrapolation of 

measurements of lower energy collisions under laboratory conditions, as well as 

assumptions about the nature of the primary particle. Computer simulations are compared 

with observations to identify the primary particles and their energies.  

  

As we will explain further in the next section, cosmic showers contain nuclei from 

all the known elements and when those nuclei collide with other particles in space they 

result in small fragments called secondary nuclei. All secondary nuclei have significantly 

steeper , that is with a larger γ, spectra than the primary ones. The ratio of the secondary 

flux over the primary flux decreases as energy increases; this means that higher energy 

cosmic rays diffuse out of the galaxy faster [4]. 

 

1.2.2 Energy Limits (The GZK cutoff) 

It will be appropriate to end this discussion with a brief mention about the highest 

energies cosmic rays can reach, also known as the Greisen, Zatsepin, and Kuzmin (GZK) 

cutoff. In his note [5] Griesen predicted that “above 10
20

 eV the primary spectrum will 
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steepen abruptly, and the experiments in preparation will at last observe it to have a 

cosmologically meaningful termination”.  His analysis relies on the fact that the threshold 

energy for pion production by protons colliding with photons of energy equal to the 

energy of the black body radiation is 10
20 

eV. The cross section of this collision increases 

rapidly beyond that energy.  With the mean cross section being 200 micro barns the mean 

path of interaction will be 9 × 10
24

 cm. Correcting this length for multiple pion 

production this number will be closer to 4×10
25 

cm and the time scale for the energy loss 

will be 10
15

 sec. With this distance being smaller than the distance of the nearest quasar 

and the time being much less than the time of the expansion of the universe, it was 

concluded that there is no way to measure cosmic ray showers for energies that exceed 

the GZK limit. It took experimental physics almost 40 years before observing that limit 

through the High Resolution Fly’s Eye (HiRes) [6].      

 

1.3 Composition 

The knowledge of the elemental abundances, and within each element the proportions of 

individual isotopes, among the cosmic rays helps to identify the physical processes in 

which the particles were produced and accelerated (whether in stellar interiors or 

atmospheres or out in the vastness of interstellar space). During the particles interstellar 

travel some have suffered collisions and fragmentations that changed the relative 

abundances, and corrections must thus be made in extrapolating back from Earth-

neighborhood observations to probable sources.  
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The bulk of the cosmic rays are nuclei, consisting of all the naturally occurring 

elements from Hydrogen through Uranium. Primary particles provide information on the 

source regions and on nucleosynthesis processes. Secondary species, made by nuclear 

fragmentation of the primaries, trace the confinement and transport of the particles within 

the galaxy and its halo. At the lowest energies, we cannot observe the particles directly 

since the out-flowing solar wind prevents these particles from entering our heliosphere 

and being observed from the earth. The flux in the range 50 – 500 MeV/nucleon is large 

enough that these particles can be studied with balloon or satellite instruments. It is in this 

range that we have the best composition information and recent work has succeeded in 

resolving many of the isotopes of the individual elements up to iron.  

 

  At higher energies, isotopic separation is more difficult, and our information is 

limited to elemental composition up to iron and to groups of elements in the ultra-heavy 

(Z > 30) region of the spectrum. As fig 1.2 indicates, the flux declines rapidly with 

increasing energy and beyond several 10
12

 eV, the composition has been reported only 

for certain groups of elements. At still higher energies, measurements rely on the analysis 

of air showers produced in the atmosphere, and only the mean composition of the overall 

beam (donated as < ln A >, where A is the particle’s mass) is available. 
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Fig 1.3: Mean logarithmic mass as a function of energy for E larger than 10
12 

eV [7]. 

 

The relative abundances of cosmic rays are compared with abundances of the 

elements in the solar system [see Fig 1.4 and Fig 1.5].  Both solar system and cosmic ray 

abundances show the odd even effect, with the more tightly bound, even Z nuclei being 

more abundant. There are, however, two striking differences between the two 

compositions:  

 First, nuclei with Z=1 are much more abundant relative to protons in cosmic rays than 

they are in solar system material. This is not really understood, but it could be due to the 

fact that hydrogen is relatively hard to ionize for injection into the acceleration process. It 

could also reflect a genuine difference in composition of the source [4]. 
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Fig 1.4: The Solar and Galactic Cosmic Ray (GCR) Composition for a group of 

experiments [7]. 

 

 

Fig 1.5: A clearer representation for data in Fig 1.4 for Z < 40 [8]. 

 



 12 

The second difference is well understood and is an important tool for 

understanding propagation and confinement of cosmic rays in the galaxy. The two groups 

of elements Li, Be, B and Sc, Ti, V, Cr, Mn are many orders of magnitude more abundant 

in the cosmic radiation than in solar system material. These elements are essentially 

absent as end products of stellar nucleosynthesis. They are nevertheless present in the 

cosmic radiation as spallation products of the abundant nuclei of carbon and oxygen (Li, 

Be, B) and of Iron (Sc, Ti, V, Cr, Mn). They are produced by collisions of cosmic rays in 

the interstellar medium (ISM).  

 

From the knowledge of the cross sections for spallation, one can learn something 

about the amount of matter traversed by cosmic rays between production and 

observation. For the bulk of the cosmic rays the mean amount of matter traversed is of 

the order X = 5 – 10 g/cm
2
. The density (ρN) in the disk of the galaxy is of order 1 proton/ 

cm
3
, so the thickness of material corresponds to a distance of  

 

 24

p NL = X/m  (  ) = 3×10 cmρ , (1.6) 

 

which is approximately equal to 1000 Kpc. Since the cosmic rays may spend some time 

in the more diffuse galactic halo, this is a lower limit to the distance traveled. In any case, 

L >> d which approximately equals 0.1 Kpc, the half thickness of the disk of the galaxy. 

This implies that cosmic rays confinement is a diffusive process in which the particle 

rattles around for a long time before escaping into intergalactic space [4]. 
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In conclusion we notice that there is much work to be done in studying and 

analyzing cosmic shower components and the energy profile for energies larger than 10
12

 

eV. It is impractical to install detectors that are heavy enough on satellites and balloons, 

so our next best chance is to study those showers using arrays on or beneath the earth’s 

surface.  

 

1.4 The Isotropy of Cosmic Rays 

Due to the existence of magnetized interstellar plasma, there are magnetic forces within 

the galaxy. Magnetic forces can contain protons with energies up to 10
18

 eV within the 

galaxy. For such particles the curved path in the general galactic magnetic field will have 

a radius of 10
21

 cm, much smaller than galactic diameter of 10
23

cm. With increasing 

particle energy, the curvature of cosmic radiation will approach and then exceed galactic 

dimensions, making it easier for such ultra high energy particles to escape from the 

galaxy. The lower-energy particles are confined to the galaxy and arrive at the earth 

isotropically, that is, uniformly from all directions.  If higher and higher energy cosmic 

rays find it easier to escape, there will be a surplus in the numbers of particles arriving at 

the earth from some directions, an anisotropy that should increase with particle energy. 

There is evidence from the Fly’s Eye for a small anisotropy for particles with energies 

between 20 × 10
17

 eV and 3.2 × 10
18

 eV; the AGASA team reports a 4% effect around 

10
18

 eV, finding an excess of particles close to the galactic plane and correlated with the 

nearby spiral arms.  
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At energies above 10
20 

eV, the curvature is comparable to the diameter of the 

galaxy, making it very difficult to confine these particles. From the computer 

reconstruction of the shower, the arrival directions of the primary ultra high energy 

particle are considered to be accurate to within about 2 degrees. With no effective 

magnetic field between galaxies, this means that the arrival direction of a ultra high 

energy particle should point to within about 2 degrees of its source or original direction. 

So far, the ultra high energy particles show no clustering in arrival directions, such as 

pointing to known energetic objects such as galaxies, quasars, or active galactic nuclei. 

Also, if these particles had originated within our own galaxy in which the known matter 

is strongly concentrated toward the equatorial plane, we should be seeing evidence for 

anisotropy in arrival directions [3].       

 

1.5 Conclusion 

In this chapter we gave a brief description of cosmic showers and covered three of the 

basic properties that are under investigation. These include the particle flux dependence 

on energy were we discussed how this would gives us an idea about the mechanisms that 

accelerate cosmic rays, the composition of those cosmic particles where we showed how 

they give a lower limit on the distances those rays came from, and their interaction with 

magnetic fields and how it affects their isotropy which would account for evidence that 

most of cosmic rays, up to 10
20

 eV, originated within our galaxy.   
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CHAPTER 2 

 

PROPAGATION THROUGH THE ATMOSPHERE  

 

2.1 Introduction 

When a cosmic ray enters the atmosphere, the probability of it interacting with one of the 

atmospheric molecules increases significantly due to the relative large density of the 

atmosphere. The result of the interaction, the cosmic shower, will depend highly on the 

energy of the cosmic ray. The particles that make up the shower might interact as well to 

form a secondary shower before reaching the surface of the earth. In the following we list 

the main components that are usually detected on the surface of the earth: 

 

1- The hadronic component, which consists of hadrons and mesons that reached the 

earth before interacting or decaying.  

2- The electromagnetic component, which represents electrons, positrons, and 

photons that reach the earth due mostly to the decay of kaons and pions.  

3-  The muonic component, which represents leptons that are generated mostly by 

the decay of pions and kaons (conventional component) or charm mesons and 

strange baryons (prompt component). The latter has a larger decay length hence 

showes a different dependence on zenith angle. 

4- Cherenkov radiation, which are photons generated by the relatively fast passage 

of electrons and positrons in an optically dense medium such that they propagate 

faster than the speed of light in that medium [see fig 2.1]. 
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Fig 2.1: The major components of cosmic ray showers. 

 

2.2 Air Showers 

Extensive air showers generated by cosmic rays in the earth’s atmosphere are the only 

practical way to study cosmic rays of energies above 10
15

 eV; this is due to financial 

reasons as we would need to lift very heavy detectors outside of the atmosphere to 

measure cosmic rays of higher energies. The analysis of air shower data relies on 

simulations that use the current knowledge of hadronic interactions to predict the 

observable shower parameters. Different hadronic models predict different, and at times, 

contradictory distributions for the values of important observable quantities for a set of 

showers generated by primary particles of a fixed type, energy, and zenith angle. The 

main source of these differences arises from the uncertainties in the extrapolations of the 

  

Λ 

Ds,D+,D-,Dc 

•short life time 

•decay before 
interacting 
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hadronic interaction properties performed by different models over a wide range of 

energies. This is due to the gap between the shower energy and the energy range studied 

in accelerator experiments. A second source of difficulty associated with this process is 

that the exact properties of the inelastic interactions of nucleons with medium-heavy 

nuclei, which provide most of the atmospheric targets, are not known yet. High energy 

physics has concentrated on proton-proton collisions that reveal the basic structure of 

matter, while nuclear physics has usually probed the other extreme, central collisions of 

heavy nuclei that allow the study of collective effects. Here we have to deal with 

collisions of protons and lighter nuclei than the ones usually investigated in nuclear 

physics such as Nitrogen, Oxygen, and Argon, the elements that comprise most of the 

atmosphere [25].    

 

Once a hadronic interaction model has been chosen (we shall specify ours in section 

2.5), we still need to calculate the large showers that correspond to the cosmic ray energy 

spectrum (> 10
18

 eV). This is due to the huge number of charged particles that have to be 

followed, which is proportional to the shower energy. In our simulation we usually deal 

with numbers of the order of 10
8
 sub-events. Another problem associated with the 

calculation of the secondary atmospheric fluxes is the limited knowledge of the primary 

cosmic ray flux, which provides the other set of inputs for the calculation.  

 

The measurements of the atmospheric fluxes give us a different type of information. 

Direct satellite and balloon measurements of the primary cosmic ray ideally tell us the 

exact type and energy of the cosmic ray nucleus. Indirect measurements using arrays give 
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us general descriptions, such as the proton to neutron ratio and the average mass of the 

cosmic rays in a certain energy range. This information is obtained by analyzing the slope 

and normalization of the energy spectrum. The rest of this chapter will discuss in some 

detail this process. We shall start by describing the medium in which these showers 

develop, i.e the atmosphere. Then we give a review of the mathematical treatment 

associated with this cascade.  

 

2.3 Atmospheric Structure 

Our analysis of the atmosphere starts with an elegant assumption that we can replace all 

the gaseous components of it with one kind of gas which consists of an imaginary 

molecule with average weight of 14.5; such a molecule is usually referred to as the “air” 

molecule. This approximation comes from the fact that the atmosphere roughly consists 

of 78% of Nitrogen with molecular weight of 14 and 21% of Oxygen with molecular 

weight of 16 [see table 2.1]. 

 

Atom Molecule  Atomic Weight Concentration(%) σpA
in

(10 – 100GeV) 

(barn) 

Nitrogen N2 14.00674 0.7847 0.265 

Oxygen O2, H2O 15.99940 0.2105 0.292 

Argon Ar 39.94800 0.0047 0.566 

Carbon CO2 12.01100 0.0001 0.231 

Table 2.1: Main components of the atmosphere [25]. 
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The main parameter we want to know about the atmosphere is the amount of 

matter above any atmospheric layer in which the primary cosmic ray particle has 

interacted, produced secondaries, and started the air shower. This quantity is the slant 

depth (also known as the atmospheric depth) X, and it’s measured in g/cm
2

1
. It is equal to the integral of the atmospheric density starting from the height where the 

interaction occurs, i.e. 

  

    ( )
h

X h dhρ
∞

= ∫ ,                                                    (1.1) 

 

 and the altitude dependence of the atmospheric density ρ is thus the key. Density is also 

of practical importance for cascade calculations since it determines the ratio between 

particle interaction and decays.  

 

The ratio of the atmospheric pressure to density in the atmosphere is proportional 

to the temperature [14]. If the temperature was constant, then the ratio between altitude 

and depth would be simple [see appendix B for derivation]  

  

    0 0exp( / )X X h h= − ,                                         (1.2) 

 

where X0 is the atmospheric depth at sea level (1300 g/cm
2
) and h0 is the scale of the 

atmosphere. This is true for a perfect gas with constant composition that is in hydrostatic 

                                                 
1
 It can be thought of as a term that needs to be multiplied with the cross-section of the path to give the 

amount of mass the particle passed through. 
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equilibrium, i.e. isothermal model. We shall challenge the relevance of this model in 

chapter 3.    

 

All the formulae and numbers above are for the vertical direction. For zenith 

angles θ less than 60
o
 one can scale the slant depth as Xv/cos(θ) (the flat earth 

approximation), where Xv it the slant depth in the vertical direction, so that 

 

  0 0( [ , ]) exp( [ , ] / )
h l

X h l dl h l h dlρ θ ρ θ
∞ ∞

= = −∫ ∫ .                             (1.3) 

 

   The functional dependence for h on θ and the distance from the point of collision 

to the detector l is shown in eq. 2.4. For larger angles one has to account correctly for the 

curvature of the earth as we shall show in the next chapter. The functional dependence of 

the height h on l and θ can be deduced from the law of cosines 

 

  2 2 2( ) 2 cosh R R l lR θ⊕ ⊕ ⊕+ = + + ,                                                (1.4) 

 

  2 2[ , ] 2 cosh l R l lR Rθ θ⊕ ⊕ ⊕= + + − ,                                         (1.5) 

 

[see fig 2.2]. Hence our integration will become 
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Fig 2.2: A schematic graph for non zero zenith angle θ. 

 

 

2 2

0

0

2 cos
( [ , ]) exp( )

h l

R l lR R
X h l dl dl

h

θ
ρ θ ρ

∞ ∞
⊕ ⊕ ⊕+ + −

= = −∫ ∫ .              (1.6) 

 

Setting the value of l to be equal to h and taking θ to be zero, we can calculate the 

slant depth for a vertical shower that covers the whole atmosphere 

 

  0

00

( [ , ]) exp( )
h

l
X h l dh dl

h
ρ θ ρ

∞ ∞

= = −∫ ∫ ,                                       (1.7) 

 

where l = h now represents the height. This would give us 00hX ρ=  for the vertical case, 

solving for the density we get 
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2

30
0 5

0

1300( / )
.00203125( / )

6.4*10 ( )

X gm cm
gm cm

h cm
ρ = = = ,                  (1.8) 

 

we shall use this value of the density in our simulation. Notice that this functional relation 

is valid up to θ < 60
o
; we shall expand this model and account for the required changes 

needed in a later chapter. The slant depth is used to calculate the decay length, a factor 

used in determining if the particle is more likely to interact or to decay which will help us 

determine the location of the interaction. 

 

 2.4 Air Shower Development 

The air shower development can be modeled analytically through the solution of one 

dimensional transport equations. We shall follow Gaisser’s approach in describing this 

phenomenon [4]. The basic equation for uncorrelated particle fluxes of type ‘j’ at slant 

depth X is 

 

 
( , ) ( , ) ( )1 1

( ) ( , )
j ij j i i i

j ij
j j i i

dF E X g E E F E
F E X dE

dX d Eλ λ
= − + +∑ ∫ ,     (1.9) 

 

where iλ  is the mean free path for inelastic interactions of a particle of type j and dj is its 

decay length. The mean free path can be found from 

 

                        j

A j

A

N
λ

σ
= .                                                        (1.10) 
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 In order to have a rough estimate of the value of λ we set A = 14.5 a.m.u (since it 

represents the air molecule), NA = 6.022×10
23

 molecule/gm, and σ to be of the order of 

300 mb (a rough estimate for particles interacting at energies of the order 10
12

eV). This 

gives us a value of 80 gm/cm
2 

for the interaction length. For θ less than 60 degrees 

 

                                 
cos( )

j

j

EX
d

θ

ε
= ,                                             (1.11) 

 

where jε  is the critical energy at which the interaction probability in the atmosphere 

equals the decay probability [see table P. 35 in reference [4]].  Particles of energy E << 

jε  always decay and of energy E >> jε  always interact. The second term in eq. 2.9 is the 

source term, which sums over the production of secondary particle j with energy Ej by 

particles of type i with energy Ei. 

 

For stable particles (i.e. E >> jε ) the source term can be neglected, applying the 

following boundary conditions 

  

1- 2.7( ,0) 1.7
j

j

dF
F E E

dE

−= ≈ 2nucleons/s cm sr (GeV/A) , for E < 10
6
 GeV.   (1.12) 

 

  2- 3( ,0) 174
j

j

dF
F E E

dE

−= ≈ 2nucleons/s cm  sr (GeV/A) , for E > 10
6
 GeV.   (1.13) 
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Using the approximation that Nλ and ijg  are both independent from E, a valid 

assumption within the range of energy under our study, a solution can be reached by 

assuming that F(E,X) can be separated into an energy dependent term and a term that 

depends on the slant depth 

 

  (2.7)( , ) ( ,0)exp( )j j

j

X
F E X F E E

−= −
Λ

,       (1.14) 

 

 

were jΛ  is defined as the particle absorption length and )0,(EF j is the flux of particles of 

type j at the top of the atmosphere. Using a phomenological model that ignores the 

production of nucleon – antinucleon pairs in the atmosphere we get the following 

functional relation: 

 

   
1 1

(1 )
NN

N N

Z
λ

= −
Λ

,       (1.15) 

 

with ZNN being the spectrum weighted momentum of the nucleon production cross section 

by nucleons. It determines the uncorrelated fluxes of energetic particles in the 

atmosphere, that is the average amount of energy delivered to each component of the 

resulting flux.  To a first approximation, NΛ  can be set equal to 120 gm/cm
2 

[4]. From 

the previous analysis we notice that the crucial task is to determine whether the shower 

particle will decay or interact. 
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2.5 Generating Slant Depth and Calculating Heights  

We shall start our simulation by adopting the 1-D transport equation with the second term 

representing the particle generation being omitted; this is justified as long as we are 

studying the primary shower 

 

j

jj XEF

dX

XEdF

λ

),(),(
−= ;      (1.16) 

   

(compare with eq. 2.9), notice that dj is considered very long because the nucleons in 

cosmic showers are stable through this relatively short travel). Solving this equation 

would give us 

 

),( XEF j  = 

( )

( ,0) e N

X h

jF E
λ

−

,      (1.17) 

                                                                                

with Fj(E,0) representing the flux of the primary particles before they enter the 

atmosphere. Our code assumes that all of the incoming particles are protons, which is a 

reasonable approximation since almost 90% of the incoming particles are. Hence we will 

start dropping the subscript j from our notation. Our simulation starts by replacing the 

ratio
( , )

( ,0)

F E X

F E
with R, where R is a uniformly generated random number between 0 and 1.  

 

Doing the replacement and solving for H we find 
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   0

0

ln( )
ln[ ]N

R
H h

X

λ−
= − ,      (1.18) 

 

 where we replaced X with X0 exp(-h/h0). By the same token we can define the secondary 

interaction to be the interaction that happens to the products of the primary interaction in 

the atmosphere. This secondary height is expressed as 

 

   0/

0

0

ln( ')
ln[ ]

H h N
R

h h e
X

λ− −
= − − ,     (1.19) 

 

R’ being another generated random number [see appendix C for a derivation of equation 

18 and 19]. The difference between the two heights will help us generate the length of 

interaction. We will be able to compare it to the decay length and determine if the particle 

will interact or decay. 

 

 For the primary interaction, after finding the height of the primary and the 

secondary interaction, the interaction length for primary interactions is given in the 

following equation [see fig 2.3]  

 

          int

cos( )

L
INTLE

φ
= ,      (1.20) 

 

where Lint is the difference between H and h or the interaction length for φ = 0.  
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Fig 2.3: A representation of a cosmic shower in a flat earth approximation 

 

Replacing the values of H and h in the equation we reach the following expression  

 

  0

24

ln ( )
ln[1 ]

cos 4.05 10 ln '

M PP
h R E

INTLE
R

λ σ

φ −
= +

×
,     (2.21) 

 

[See appendix C]. In his thesis, Licate [15] introduced a more correct method of finding 

the interaction length. He indicates that the created meson from the primary interaction 

might take a different path than the primary ray. Hence, according to Licate, we should 

take an account of an additional angle that this particle might use in its secondary path: 
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So instead of eq. 2.20, we get 
)cos(

int

φ

L
INTLE = , with Lint = (H – h)/cos(θ + φ) [see fig 

2.4] .We shall discuss modifications that can be added to this equation in the next 

chapter. 

Fig 2.4: The correction to a shower falling at angle θ. 

 

Our simulation relies on analyzing events generated by PYTHIA, a world 

recognized event generator that provides a representation of event properties in a wide 

range of reactions, with particular emphasis on those interactions that are related to strong 

nuclear interactions. With physics being unable to give exact solutions to such 

interactions, PYTHIA is based on a combination of various analytical results and various 

QCD based models [16]. 
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2.6 Particle Interactions with the Air Nuclei 

In this section we shall take account of the strong nuclear interactions as our production 

mechanism to obtain the flux of atmospheric muons and neutrinos [17]. Only primary 

protons are considered in quantities that are essentially independent of cosmic ray 

compositions [18]. Those proton – nucleus collisions can be well represented by a 

simpler model with a rescaled cross section 

  

    ( ) ( )pA A pNασ σ= ,                 (2.22) 

 

with A being the atomic number for the target nucleus. Experiments have verified that  

takes the value of 2/3 for inclusive cross sections of the order of 10 mb. The time 

required to observe a hadron in the particles rest system is of the order of 1 fs. However, 

since the charm production processes in this experiment involve hard scattering processes 

with a small cross section, the power of α should take a value closer to 1. Using Lorentz 

transformations it can be shown that this will stretch the formation length to exceed the 

size of the nucleus for fast particles. The case of slow particles is more complicated as 

they can be formed and re-interact within the target nucleus. An example for that would 

be c c  decay, which would be slow enough to produce pions that will have the chance to 

scatter inside the nucleus before it explodes.    

 

Another aspect to be considered in our simulation is the energy distribution of 

secondary hadrons produced in the collisions 
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h

hk

kkAh

kh

dE

EEhYkAd

EdE

dn ),;(

)(

1 →
=

σ

σ
,                                  (2.23) 

 

where khdn is the number of hadrons h with energy range [Eh, Eh+dEh] produced in the 

collision of the incoming particle k with an air molecule of atomic number A, and σKA is 

the total inelastic cross section for particle k – nucleus A collisions. Notice that dn is 

independent from the atomic number of the target as data from heavy ion collisions imply 

[19]. 

 

To obtain the energy spectra, ATMOS uses the Lund Monte Carlo simulation 

programs PYTHIA and JETSET. This choice is justified by the good results these two 

programs produce in describing the multi-particle final state results in various kinds of 

interactions. The prompt muons and neutrinos are obtained using a dedicated charm 

production simulation using PYTHIA. The charm particles are produced via the 

hadronization of charm quarks produced in the processes gg� c c  and q q� c c  using 

leading order perturbative QCD matrix elements [7]. Due to the relatively large charm 

quark mass, charm quarks are considered to be produced in perturbative QCD processes. 

To leading order in the coupling constant, these are gluon-gluon fusion processes and 

quark-antiquark annihilation processes [see fig 5 a, b, and c in page 16 of reference 7].  

 

Next-to-leading order (NLO) cross sections for heavy flavor production in hadron 

collisions were calculated in the 90’s [20]. Compared to the leading order results, there is 

an overall increase in the cross section of about a factor of two. The NLO contribution 
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includes the gluon scattering process gg� gg, a process never accounted for in LO [see 

fig 2.5 below]. And since the NLO distributions have the same shape as LO ones, 

Thunman accounted for them by rescaling the cross section with an overall factor of K = 

2. Higher order processes are expected to have a much less significant contribution than 

the NLO since there are no additional processes to account for as was the case with NLO.   

 

 

Fig 2.5: Feynman diagram for gg fusion  

  

  The charm production cross section depends on the parton
2
 density distribution. 

At the highest energies, the parton densities are probed down to x ~ 10
-5

 (x being the 

                                                 
2
 A parton is a hypothetical fundamental particle that was assumed to be the building block of hadrons 

before discovering gluons and quarks.   
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momentum fraction) or even below. Data from the ep collider HERA and other deep 

inelastic experiments have been used to parametrize MRS(G)
3
 of parton distributions [see 

reference 36 in reference 17], using f(x) ~ x 
-1.07

 for  the sea of quarks and f(x) ~ x
-1.3

 for 

gluons.  Due to the fact that at high energies the outcome of the scattering depends highly 

on the choice of the parton density, PYTHIA takes certain measurements to ensure 

choosing the best density profile for the partons [21]. The resultant simulation agrees 

with data from various experiments [21].  The total cross section is therefore obtained by 

rescaling the charm decay ratios and by using assumed shapes of the xF distributions to 

extrapolate to unmeasured regions.  

 

Our simulation will be done using two different programs: the MNR routine and 

PYTHIA. The MNR program was modified to become an event generator for charm 

production at different heights in the atmosphere and for different energies in the 

incoming primary cosmic rays. For a given energy ‘E’ of a primary incoming proton, we 

generate a collision with a nuclear target at rest in the atmosphere. The charm quarks (and 

antiquarks)  generated by this first stage of the program are then fed into a second part 

which handles quark showering, fragmentation, and the interactions and decays of the 

particles down to the final leptons.  The cascade evolution is then followed throughout 

the atmosphere: the muon and neutrino fluxes at sea level are the final output of the 

process [22]. 

 

                                                 
3
 MRS parton distributions are made by A. D. Martin et al. It is an analytical form that generates parton 

distribution tables up to next to leading order. It includes u, d, s, c, and b quarks.   
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An important characteristic of the first stage is that it is the place to select the 

values of various parameters of the simulations, namely:  

1) The charm quark mass mc. 

 2) The renormlization scale µR.  

3) The factorization scale µF. 

4) The parton distribution function.  

 

The current procedure is to use the MNR default choices for these three 

parameters (µR = mT, and µF=2mT with mT = (kT
2
+mc

2
)
1/2 

and the value of mc will depend 

on the parton distribution function used) [23].   

 

The charm partons generated by MNR routines are entered to the event list of 

PYTHIA and they become the starting point of the cascade generation. PYTHIA first 

fragments the charm quarks into hadrons. For each hadron produced, a simple routine 

added to PYTHIA decides if the hadron interacts in the atmosphere or decays. PYTHIA 

follows in this way the cascade in the atmosphere and populates the histograms of muons 

and neutrinos as a function of their different energies. For each of the initial partons put 

in the event list, a certain height in the atmosphere is randomly generated, this being the 

point at which the partons are generated form the initial proton-nucleon collisions. 

 

The particles generated after the initial hadronization are then followed 

throughout the atmosphere and PYTHIA evolves the cascade. The final number of muons 

and neutrinos at sea level is therefore calculated considering all the subevents, each with 
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its perspective weight from the MNR program, which produce the final particles through 

all the possible decay channels of charmed particles decaying into prompt leptons [see fig 

2.6].   

 

 

Fig 2.6: A flow chart representing the basic steps in the simulation. 

 

 

Generating an integration Over E between  
101-1011GeV 

For each energy channel MNR  
generates subevents with weight Wi 

For each subevent, a random height is  
assigned and passed to PYTHIA 

PYTHIA processes the showering through 
 hydronization and evolution of the  
cascade in the atmosphere, and creates 
 leptons to be summed with its weight  
to the final flux 
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2.7 Previous Modifications of ATMOS 

In his thesis, Licate [3] tried to modify the code so it would account for any zenith angle. 

His work was mainly on the subroutine used to determine the height of interactions 

namely, HEIGHT_CALC and HEIGHT2. His modifications showed the following 

distribution for primary interactions.  

 

Fig 2.7: Height distributions of primary cosmic rays interactions in various zenith angles 

[3]. 

 

Using fig 2.7, Licate concluded that the larger the zenith angle the more matter 

the shower will face, hence it will interact, on average, at a higher point from the surface 

of the earth. He cited a paper by F. Lee [24] to confer his conjecture. However, Licate did 

not mention that Lee’s work is concentrated in the results of the decay of kions and pions, 

hence it has nothing to do with the prompt component of the atmosphere. Also the range 

of energies handled in that paper are up to 1 GeV, much less than what our simulation 

handles. And finally, Lee’s work deals with the Tau neutrino part of the shower, a 
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component that we didn’t account for in our simulation. This shouldn’t prevent us from 

taking guidance from those results since they indicate that the location of the interaction 

(of any kind) should be higher, on average, as the particle becomes more energetic. We 

confirmed that the slant depth will be larger as θ  increases through a simple analysis for 

Licate’s subroutine and using numerical integration to evaluate the integral [see table 

2.2]. Licate tabulated his results for various energies [see table 3 in his thesis p. 33], 

however, there is no mentioning of how he calculated the fluxes. He also gave a figure to 

compare the fluxes of the muons for horizontal and normal fluxes [fig. 17 p. 34, fig. 18 p. 

35, fig. 19 p. 39 of ref. 3].  

Angle Slant Depth 

0 2.76 

15 3.04 

30 4.02 

45 6.29 

60 11.33 

75 24.32 

90 67932.84 

Table 2.2: The relation between zenith angle and slant depth for fixed height 

   

              To explain this body of results Licate said that, for the case of prompt muons, 

the decay lengths are much larger than the height of interaction. So they are almost 

certain to reach the ground with no loss in their numbers generated from the interaction, 

and to explain the increase in their number as energy increases, he examined the 

hypothesis that the increase is due to the secondary interactions. His testing yields that 

secondary interactions   have a very small contribution to the total prompt flux [see fig. 

20 of reference 3]. 
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            The other assumption he tests is that the decay lengths for D0, D
+-

, Ds
*
, and the Λ 

have comparable decay lengths to the heights of interactions calculated by ATMOS [see 

table 4 p. 37 in reference 3]. So “High energy D and Λ particles are created in the cosmic 

ray interactions and since these interactions are higher in the atmosphere the charmed 

particles can see more of the atmosphere and thus have more of an opportunity to decay”, 

and he concludes that “the increase of decay lengths with energy combined with the 

increase in the average interaction height with larger zenith angles allows us to conclude 

that this is the reason for the increased flux of prompt muons and neutrinos”. We shall 

give this account further analysis and explanation in the next chapter.                                 

 

2.8 Conclusion 

In this chapter we gave a detailed description for the propagation of the cosmic rays 

through the atmosphere. We included the way our computer code ATMOS simulate this 

process and what modifications were included in order to allow it to calculate the prompt 

flux for zenith angles of values other than zero.  
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CHAPTER 3  

 

MODIFICATIONS TO ATMOS 

 

In the previous chapter we presented additions that were previously introduced to 

ATMOS in order to account for zenith angles ranging between zero and 90 degrees. In 

this chapter we will present our findings after performing several runs using the code. We 

will also discuss these results, suggest several modifications in order to improve them, 

and test our improvements. 

 

3.1 Previous Results 

In his thesis, Licate gave results for only 0
o
 and 90

o
 zenith angles [see Fig 3.1]. In this 

graph we notice a gap between the two flux profiles for all energies. This was considered 

to be inaccurate as various other routines show them to converge at relatively low 

energies (below 10
7
GeV) because it is the value of the critical energy where the decay 

and interaction lengths are equal. That is at this energy level the meson will have an equal 

probability of decaying, where it will be independent of the zenith angle, or interacting, a 

process that has some dependence on the zenith angle. He stated that the running time for 

such simulations will take roughly a week for 111 Primary energy channels. We found 

that this observation is accurate only for 0 and 90 degrees. Other angles take much longer 

time, up to 10 weeks in the case of 45 degrees. In order to reduce the running time to 

more reasonable levels, we reduced the number of primary energy channels to 11; the 

loss of accuracy was compensated by the ability to do multiple runs more quickly. It can 
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be observed that though the flux profiles for 111 primary energies looks smoother, the 11 

primary energy flux shows a close resemblance to it.  The 11 primary energy run has a 

higher flux up to energy equal to 10
14

 eV where it becomes smaller [see fig 3.2]. See 

table 3.1 for the time required to finish each run. 

 

Angle Running time 

0
o 

1D2h4m2s 

15
o 

1D14h37m21s 

30
o 

2D20h37m6s 

45
o 

6D4h53m33s 

60
o 

7D22h0m37s 

75
o 

12D9h46m50s 

90
o 

0D0h4m0s 

 

Table 3.1: Running times for 11 primary energies using ATMOS without modifications. 

 

After performing the simulation over a set of representative angles (5 points in 

addition to 0 and 90, with 15 degrees interval between each) we found that their behavior 

does not correspond to the interpretation given previously in Licate’s work. In page 33, 

Licate reported that: “the flux of [prompt] particles increases with zenith angle” [see fig 

3.3]. 
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Fig 3.1: Flux of atmospheric µ for two zenith angles before any modifications [1]. 

 

2 3 4 5 6 7

Fig 3.2: A comparison between the 11 primary energy flux with the 111 primary energy 

at zero zenith angle. 
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2 3 4 5 6 7

 

Fig 3.3: Muon fluxes versus zenith angle by Licate. 

 

From this figure we observe that: 

1- Instead of increasing as the zenith angle increases from zero, the flux decreases until it 

reaches 45 degrees, where it reaches its lowest flux.  

2- After 45 degrees the flux will increase until it reaches the maximum flux at 90 degrees. 

3- Zenith angles of 0 and 90 degrees have the highest flux.  

4- The behavior of the prompt flux changes significantly as energy increases.  
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5- There is a noticeable difference between the spectra of different zenith angles even for   

low energies. 

 

This leaves us with two problems which are our main focus: 

1- Long running times for angles other than zero and 90.  

2- Fluxes that don’t match previous predictions for angles less than 45 degrees.  

 

3.2 Modifications to ATMOS 

3.2.1 Minimizing the running time 

We proposed the following procedures to shorten the running time for our simulation: 

1- Fix any semantic errors in the code. 

2-   Change the limits of the slant depth integration without affecting the flux. 

 

3.2.1.1 Errors in the code 

Since the significant increase in the running time is only noticed when angles are 

different than 0 and 90 degrees, we assumed the problem to be in the subroutines added 

by Licate. The subroutine named “hvqsun.f” which includes subroutines heigh_Calc and 

height2 was examined particularly carefully [see appendix D]. We noticed that while 

Licate declares almost all of his variables to be double precision
1
, many of the functions 

used are set to accept “real” variables. We suspected that this reduction of accuracy might 

have been the cause of the delay. In the field of computer programming, it is a known 

fact that the decrease in accuracy caused by using single precision variables will make 

                                                 
1
 Double Precision: A type of numeric data with its value stored in to consecutive memory location, which 

provides double the accuracy that single precision value has.  
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most of the logical statements such as “(1/Y)*Y = 1” yield a false value. This is because 

single variable functions are usually stored as an approximation such as “.99999 for 1” 

for example. Hence this would cause our code to go through many more sorting attempts 

to determine the required height. After setting all relevant functions to take double 

precision variables, our results are summarized in table 3.2. 

 

 

Table 3.2: Running time for double precision modified subroutine. 

 

Table 3.2 shows a massive improvement for all the angles with the slight cost of 

increasing the running time of angles 0 and 90 degrees.  We notice that the running times 

in Licate’s subroutine increases with the angle (except for 90 degrees). After our 

modifications, we observe that, except for zero zenith angle, the running time will 

increase with zenith angle until it reaches 45 degrees. After that it starts to decrease until 

it reaches its minimum value at 90 degrees. This symmetry around θ = 45 makes us 

suspect the quality of the functional treatment for that angle. This apparent instability will 

be examined in section 3.2.1.2. 

  

Angle
 

Running time Licate’s time Time saved  Relative Efficiency 

0 1D8h3m51s 1D2h4m2s -7h59m49s -30% 

15 0D8h58m42s 1D14h37m21s +1D5h38m39s 76% 

30 1D18h44m10s 2D20h37m6s +1D1h52m56s 38% 

45 2D3h39m27s 6D4h53m33s +4D1h14m6s 65% 

60 1D9h20m33s 7D22h0m37s +6D12h40m4s 82% 

75 0D0h33m51s 12D9h46m50s +12D9h11m59s 99% 

90 0D0h4m12s 0D0h4m0s -12s -5% 
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Concerning the shape of the flux, we notice the following [see Fig 3.3]: 

1- The flux decreases as the zenith angle increases until it reaches its minimum value 

at 45 degrees. Angles that are less than 45 degrees have a lower flux than angles 

that are above that angle.   

2- For angles larger than 45 degrees, the flux continues to increase until it reaches its 

maximum value at 90 degrees.  

3- The flux is much larger for all angles involved and it is much closer to the 

patterns we obtain for runs that use 111 or 301 energy channels. The flux starts to 

increase with the energy until it reaches a certain maximum value at energy range 

around 10
5
 GeV when it starts to decrease. We notice that the decrease of the flux 

is much faster for angles less or equal to 45 than angles above that limit.  

4- For energies between 10
2
 GeV and 10

5
 GeV, the flux increases as the ‘parent’ 

particles have larger and larger decay lengths. The larger the decay length the 

closer the generated muon is to the earth so it will have less chance to interact 

with the atmosphere or to in turn decay.  For energies higher than 10
5
-10

6
 GeV, 

the decay length becomes so large that the parent particle for the prompt muons 

will not have enough time to decay [see table 3.3], therefore decreasing the 

prompt muon flux. This increase in the decay length is caused by time dilation, a 

phenomena experienced by all particles traveling at relativistic velocities that 

causes the particles in motion to behave on a slower time scale than the one in 

which they are considered stationary in. The obtained time is given by  

 

 
2

1

1
t τ

β
=

−
, (3.1) 
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were β is the velocity of the particles in terms of the speed of the light and τ is the 

particles own time scale or the proper time. The decay length can be calculated by 

multiplying the calculated time with the velocity of the particle. We notice that 

the increase in the decay length is uniform over the range of energies considered 

for the four particles. A calculation for the decay length was performed for 

various energies. We conclude that at energies of the order of 10
7
 – 10

8
Gev the 

decay length would be large enough for the particle to reach the earth before 

decaying. See table 3.3 below.    

2 3 4 5 6 7

 

Fig 3.4: Fluxes after shifting to double precision. 
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 10
2
GeV 10

3
GeV 10

4
GeV 10

5
GeV 10

6
GeV 10

7
GeV 10

8
GeV 

D0 .006m .062m .627m 6.34m 64.1m 647m 6540m 

D
± 

.016m .157m 1.59m 160m 162m 1640m 16500m 

Ds
*
 .007m .070m .710m 7.17m 72.5m 732m 7390m 

Λc,s .002m .025m .250m 2.52m 25.48m 257.443m 2600m 

Table 3.3: The decay lengths of various prompt particles for various energies [15].    

 

3.2.1.2 Changing the Upper Limit of Integration 

We recall from chapter 2 that the slant depth is defined as  

 

 ( , ) ( [ , ])
l

X l h l dlθ ρ θ
∞

= ∫ . (3.2) 

 

In practice we usually set the upper limit to be some arbitrary large number 

instead of infinity. In his subroutine, Licate set the upper limit to be 7.5 × 10
6
 meters. He 

states that “This value was chosen because it is so far outside the atmosphere it appears as 

infinitely far away”. This is true considering the fact that 99.9% of the atmosphere is 

within a layer that is 30 km from the surface of the earth. This choice might not be the 

most suitable one due to the fact that we used numerical integration methods to evaluate 

integral 3.1. The kind of Gaussian Quadratures used was designed to evaluate proper 

integrals i.e. integrals that have finite upper and lower limits, which is not the case for 
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equation 3.1. So we investigated if the numerical integration produced any unreasonable 

results by trying various upper limits.   

 

In order to test the validity of the used upper limit we performed the integration of 

the density using various limits below in table 3.4.  

 

Zenith angle  1 km  10 km   100km  10
3 
km     7500km  10

4
 km 

Θ = 0 0.93 5.06 6.4 6.4 2.76 1.44 

15 0.93 5.16 6.63 6.63 3.04 1.63 

30 0.94 5.48 7.38 7.39 4.02 2.37 

45 0.95 6.05 9.04 9.04 6.29 4.31 

60 0.96 6.94 12.76 12.76 11.33 9.37 

75 0.98 8.22 24.03 24.4 24.32 23.88 

90 1 10.12 108.9 1456.36 67932.84 120572.62 

Table 3.4: A comparison between the slant depth of various integration upper limits for 

equation 3.2 (lower limit is set to be zero). Air density is assumed to be one for 

simplicity.     

 

These values are proportional to the slant depth divided by the density of the air. 

We can perform the integral analytically for the case of θ = 0, where the answer is 6.4 

km. We can also see a clear stability of the slant depth obtained for this range of 

integration for the rest of the zenith angles. Thus we conclude that the right integration 

range should be between 100 km and 1000 km, quite distant from the value used by 

Licate. And since the values are stable over an order of magnitude in between these two 

ranges we chose 100 km to test our model. We first list the amount of time required for 

this set of simulations. 
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Table 3.5: Time required for runs with the upper limit set equal to 100 km. 

 

We observe that while some of the angles had a shorter time compared to the previous 

modifications, the total amount of improvement was not of significance. A plot of the 

obtained prompt fluxes is shown in fig 3.4 

2 3 4 5 6 7

 

Fig 3.5: A Comparison between various fluxes after setting out upper limit to be 100 km. 

Angle R T with new upper limit Time Saved 

0 1D2h10m56s -6m34s 

15 1D13h50m03s 47m18s 

30 2D6h34m50s 14h2m16s 

45 3D3h44m20s 3D1h9m13s 

60 1D7h42m39s 6D14h17m58s 

75 0D0h26m24s 9h20m26s 

90 0D3h23m32s -2h59m28s 
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From fig 3.5 we notice the following:  

1- There was a severe decrease in the flux at θ = 90 and θ = 45. We can explain the 90 

degrees case by realizing that the slant depth covered by a horizontally incident 

particle is much bigger than 100km. Therefore much of the flux was cut because  

our integral covers the atmosphere up to 100km. As for the 45 degrees case, we 

believe that this is due to an error in the way our code treats this angle. This is 

also confirmed by the fact that this angle takes the highest time for its flux to be 

calculated as we showed in table 3.2 

2- All other fluxes suffered modest changes in their pattern compared to fig 3.3. This        

confirms our previous understanding that most of the interactions occur within the 

first 1000 km of the atmosphere. 

 

Reducing the running time for the code was a crucial step that allowed us to test 

many ideas on how to improve the results we were obtaining. After accomplishing that, 

the next step was to investigate any discrepancies in the code and try to fix them. To 

improve the accuracy of the ATMOS code we will try more realistic models in 

approaching the problem at hand.  

   

3.2.2 Developing a more realistic flux 

We proposed the following procedures to yield a more accurate flux profile:  

1- Set a more realistic model for the atmosphere. 

2- Including the effects caused by the curvature of the earth.  
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3.2.2.1 Setting a more realistic model for the atmosphere. 

In chapter 2 we discussed the main properties of the Earth’s atmosphere. Our derivation 

in Appendix [E] gives the following result 

 

 0/

0

h h
X X e

−= , (3.3) 

 

where this result assumes that the temperature remains constant at any height. A more 

realistic model would be one that includes the variations in temperature as we go higher 

in the atmosphere [see fig 3.6]. 

 

Shibata [4] parameterized the functional relationship between height and slant 

depth for a realistic atmosphere. He found:  

 

 

2 2

2

0.19 2

47.05 6.9 ln 0.299ln ( ), 25 /
10

( ) 45.5 6.34 ln ,25 230 /

44.34 11.86( ) , 230 / .

v
v v

v v

v v

X
X X gm cm

h km X X gm cm

X X gm cm


+ + >


= − < <


− >


 (3.4) 

 Comparing equation 3.2 with equation 3.4 we notice some difference between the 

two models particularly in regions below 10 km [see Fig 3.7]. This model can account for 

angle of incidence up to 60 degrees by the following substitution 

 

 cos( )
v

X X θ= × , (3.5) 

   

were Xv is the vertical slant depth.  
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Fig 3.6: Temperature/density of the atmosphere with the altitude [26]. 
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Fig 3.7: The slant depth density profile for the model used by Licate compared to the 

model obtained of Shibata [4]. 

 

After making the required changes in the code we ran the simulation for angles 0
o
, 

15
o
, 30

o
, and 45

o
. We restrict our runs to angles less than 60

o
 because this realistic model 

can handle only angles less than 60
o
. At larger angles, the flat earth approximation where 

we can set X = Xv × cos(θ) becomes invalid. It was noted that each run took less than a 

minute. This was hardly a surprising result since there is no time wasted in finding the 

right height for each slant depth chosen by the code. Our model fits each slant depth with 

its required height. The results are given fig 3.8. 
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2 3 4 5 6 7 8

Fig 3.8: A comparison of the prompt flux of various zenith angles using Shibata’s 

parameterization for the atmosphere.  

 

It can be observed that the fluxes are almost identical up to energies of the order 

of 10
16 

eV.  An enlarged graph shows that the fluxes are ordered according to the increase 

of their zenith angles [see fig 3.8]. This would match our predictions that the fluxes 

should be closely packed, and that the flux has its lowest value at θ = 0 and increases 

monotonically until it reaches θ = 45, which matches the predicted results.    
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6 7 8

Fig 3.9: A close up view of the fluxes in graph 3.8. We can see that the prompt flux 

increases as we go from zero zenith angle (cyan) to 45 degrees (blue).  

 

3.2.2.2 Including effects caused by the curvature of the earth 

In evaluating integral 3.1, Licate used the boundary condition  

 

 2 2 2 cosh R l Rl Rθ= + + − , (3.6) 

 

or  

 

 2 2 22 cos ( ) cos( )l h hR R Rθ θ= + + − . (3.7) 
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It was brought to our attention that an extra factor should result from the 

parameterization of the integral as following [29] 

 

 
2 2 2

0 0

2 cos ( ) cos( )
( , ) ( ) ( )

l h

h hR R Rl dl
X l dl dh

h h dh

θ θ
θ ρ ρ

∞ ∞ + + −
= − = −∫ ∫ . (3.8) 

 

From eq. 3.5 we can evaluate dl/dh so our slant depth can be expressed as  

 

 

2 2 2

0

2 cos ( ) cos( )

0
2

2

1
( , )

sin ( )
1

(1 / )

h hR R R

h

h

X l e dh

h R

θ θ

θ ρ
θ

+ + −∞ −

=

−
+

∫ , (3.9) 

which reduces to the special of equation case of equation (2.3) when θ = 0. We notice 

that this factor has a larger contribution as the zenith angle increases, especially that h 

will not reach even .1 R as we found in [15]. This effect is hard to estimate as it means 

that h will be reported to be higher and this would have almost no effect on the case of 

large angles since the average interaction length for θ = 90 for example is 650 km.  
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Fig 3.10: The resulting prompt flux for θ = 90 and 45 degrees before and after including 

the curvature of the earth. 

 

Note that the flux is identical to the one obtained without the correction [Fig 3.3]. 

We conclude that the amount of atmosphere included by that effect is not enough to alter 

the flux. This is reasonable if we considered that an increase of the slant depth up to one 

order is relatively small compared to the large amount slant depth the particle has to pass 

through when it is incident with θ = 90 degrees. In the case of 45 degrees, the flux was 

altered such that it got closer for lower energies such that more isotropy is accomplished.  
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3.3 Discussion 

Since the mid 1990’s, the prompt component of cosmic showers has been under serious 

investigation. There are significant uncertainties related to our lack of knowledge of both 

cosmic rays and the parton distribution functions. Thus depending on the choice of our 

model for parton distribution functions, results reported so far “appear to spread over 

more than one order of magnitude” [27].  Even within this large uncertainty, and the 

complete lack of experimental data, all available sources indicate large amounts of 

isotropy [27] [28]. Thunman mentioned that “[lepton fluxes] are independent of zenith 

angle at energies smaller than the meson critical energy… and depend on zenith angle at 

energies above the critical energy of the meson”[17]. We see that charmed mesons are 

have their critical energy at 10
7
 GeV. So we should see isotropic features in the flux for 

energies beneath that limit. This was accomplished by using Shibata’s model.   

 

In table 3.3 we showed that the slant depth increases with the increase of θ. This 

should result in a monotonically increasing flux as θ increases [see Fig 3.10]. In Licate’s 

code, things didn’t follow the aforementioned behavior. The flux associated with θ = 90, 

75, 60, and 45 degrees seemed to be in the correct order relative to each other. But the 

flux was smaller than the flux of θ = 30
o
; which was smaller than θ = 15

o
 which was 

smaller than the flux of θ = 0
o
. We were able to correct this pattern by doubling the 

accuracy of the variables. The result was that angles θ > 45
o
 now have larger flux than the 

one associated with showers with θ < 45
o
. This major step is also associated with the flux 

of θ = 45º, after we noticed that it had the lowest flux among our sample of runs that we 
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obtained from Licate’s code, got much closer to θ = 30º. We notice that the modified 

spectrum is much more isotropic for energies beneath 10
16

eV.   

 

Fig 3.11: Energy spectra of downward going atmospheric µ neutrino for 11 zenith angles. 

The low-energy range is for Kamioka site in which the charm decay contribution was 

found by using recombination quark-parton model (RQPM) and quark-gluon string 

model (CGSM). At high energies, from smallest to largest fluxes, cos (θ) varies from 0 to 

1 with an increment of 0.1 for each group of curves [27]. 

 

We also investigated the reason behind the fact that in Licate’s code the flux 

associated with θ = 45 degrees had the lowest value. We found that it can be proven 

through error analysis that this is attributed to the error in the angle resulting from the 

reduced precision; the error will be maximal at that angle [see appendix F]. This confirms 

the results we got in fig 3.4 when the only two fluxes affected by the reduction of the 

slant depth were the ones associated with θ = 90 (as it should be the case) and θ = 45 (due 

to the error in the angle that was magnified by the code). Additionally, any error will be 



 59 

multiplied by a factor of 10
6 

since the height is found in the subroutine in km and 

reported to the main code in mm.  

 

It is worth mentioning how gradually our results were increasing in accuracy 

approaching more accurate fluxes as our modifications increased in sophistication. We 

show the case of the flux at θ = 45 degrees below:  

 

2 3 4 5 6 7 8

 Fig: 3.12 The patterns obtained before our modifications (B45), after changing the 

functions to double precision (DD45), after changing all the parameters to double 

precision (DDD45), and after inserting Shibata’s model (R45) for zenith angle 45 

degrees.        
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 As for the effect of the curvature of the earth, it appears that Licate ignored the 

extra factor resulting from parameterizing the integral. We did the correct 

parameterization and performed the integration with it. However our results didn’t show 

any significant change. This only confirms the already mentioned fact that the prompt 

flux is only mildly sensitive to the changes of the order presented by changing θ or 

including the curvature of the earth. This correction in practice can be accounted for by 

introducing an effective zenith angle that can be derived by fitting the data so that  

    

                                                   
*cos( )

v
h

l
θ

= ,                                                   (3.8)                 

 

[see ref 29]. Hence we confirmed that this procedure, common as it is in conventional 

flux, is ineffective with prompt flux as we can see in Fig 3.9. And since θ = 90 degrees 

witnesses the largest value for that factor, we can conclude the effect is almost trivial for 

all other zenith angles as well.   

 

3.4 Conclusion 

We were able to reduce the running time for ATMOS. This made it practical to do 

simulations to test various changes we introduced to the code in a timely manner. Our 

modifications gave us better energy spectra for the prompt muons and it matches the 

predictions made by peer computer codes. Using another model for the atmosphere that is 

more sensitive to the change in the temperature produced a much better results that fit 

theoretical predictions.  
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CHAPTER 4 

 

CONCLUSIONS  

 

We were able to obtain a significant reduction in the running time of ATMOS for 

nonzero zenith angles. This result was obtained via increasing the numerical sensitivity in 

our routine. We showed that increased accuracy can be obtained for the flux of the 

prompt muons by using a better value for the height of the atmosphere and by accounting 

for the curvature of the earth with no effect on the running time.   

 

In a different approach, we proposed using experimentally parametrized models for the 

atmosphere. We showed that the model proposed by Shibata, reduced the running time 

significantly with reasonable results within the flat earth approximation. The flux pattern 

obtained was in agreement with the one generated by the modified subroutine.   
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Appendix A: Derivation of the Power Law Spectrum 

 

This mechanism assumes that a charged particle will interact with magnetized moving 

plasma and that the result will be an increase in the energy per particle. We will consider 

the particle to gain some energy ε that is proportional to its original energy. The energy 

difference per encounter will be 

 

    E Eε∆ = .                                                        (A.1) 

 

After n encounters 

 

    0 (1 )n

n
E E ε= + ,                                        (A.2) 

 

Where E0 is the energy at injection into the accelerating plasma. Solving for n we find the 

number of collisions required to achieve a certain energy E to be 

 

    
0

ln( ) / ln(1 )
E

n
E

ε= + .                                      (A.3) 

 

 Assuming the probability of escape from the acceleration region to be P per 

encounter, after n encounters the probability of the particle to remain in the accelerating 

system is (1-P)
n
. So the proportion of particles accelerated to energies greater than E is  
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(1 )n

P
N

P

−
∝ ,                                                    (A.4) 

 

Substituting (1.3) into (1.4) gives 

 

 
0 0

ln( ) / ln(1 ) [ln( )ln(1 )]/ ln(1 )

ln(1 ) / ln(1 )

0

(1 ) 1
( )

E E
P

E E
PP e E

N e
P P P E

ε ε

ε

+ − +

− +−
∝ = = ,    (A.5) 

 

and the power factor can be approximated as the following 

 

   ln(1 ) / ln(1 ) /P Pε ε− + ≅ − .                                           (A.6) 

 

Recalling that P equals the ratio between the characteristic time of the 

acceleration cycle and the escape time, the final result will be 

 

    
(1/ )

Tcyc

TescN CE
ε−

= ,                                        (A.7) 

 

Which is the desired power law result.  
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APPENDIX B: The Isothermal Approximation 

 

 

Assume a uniform rectangular column extending from the surface of the earth with 

normal height h. Assume the air inside the column to have density ρ and let its horizontal 

area be A. According to Newton’s second law:  

 

    F = mg = P*A ,                                        (B.1) 

 

where P is the pressure, and the mass m = ρ × Volume = ρ × h × A. Hence the pressure at 

the top surface of the column is 

 

    P =  × g × hρ ,        (B.2) 

 

 and the change in the pressure will be 

 

    dP = -  × g × dhρ .       (B.3) 

 

The ideal gas law states that:  

 

    P  = N × k × T/V ,                 (B.4) 

 

 hence  
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dP V gdh mg

dh
P NkT kT

ρ −
= − = ,                                        (B.5) 

 

with m being the mass per particle. Solving this differential equation we obtain  

 

   0P = P  exp[-h/(kT/mg)] ,      (B.6) 

 

where kT/mg is a constant to be set to fit our simulation. The density profile follows a 

similar pattern 

 

   0 0 =  exp(-h/h )ρ ρ .                                             (B.7) 
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APPENDIX C: Deriving The Primary and The Secondary Interaction Heights 

 

C.1 The Primary Interaction Height 

 

The slant depth for primary interactions is 

 

    0/

0( ,0)
l h

H

X l e dlρ
∞

−= ∫ .                                  (C.1) 

 

For the zenith angle of θ = 0 the atmospheric density function takes the form 

 

  
2 2

0

0

2
( ( , )) [ ]

R l lR R
h l e

h
ρ θ ρ

+ + −
= − ,                           (C.2) 

 

which reduces to 

 

   0/

0( )
l h

h eρ ρ −= .               (C.3) 

 

where h is the primary interaction height. Performing the integration  

 

   0/

0 0( ,0)
H h

X l h eρ −= −  .                                        (C.4) 

   

Solving this equation for h, the primary interaction height, gives 
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   0

0

ln
X

H h
X

= − ,                                                    (C.5) 

 

with X being the vertical slant depth. From (2.16) we have  

 

   
( , ) ( , )

j j

j

dF E X F E X

dX λ
= − .                                        (C.6) 

  

Solving for X this yields 

 

   
0

ln
j

j

F
X

F
λ= − .                                                   (C.7) 

 

Substituting this result into (C.4) we reach  

 

   
0

0

0

ln( / )
ln[ ]

j j
F F

H h
X

λ−
= − ,      (C.8) 

  

which is equation (2.18) with R replacing the ratio Fj/F0.  

 

C.2 The Secondary Interaction Height  

 

This time the slant depth is found via the following integral 
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   0/

2 0( ,0)

H

h h

h

X h e dhρ −= ∫ ,                  (C.9) 

 

which can be evaluated directly to give  

 

   0 0/ /

2 0 ( )
H h h h

X X e e
− −= − − .     (C.10) 

  

This result can be rearranged to give the secondary interaction height 

 

   0/ 2
0

0

ln[ ]
H h X

h h e
X

−= − − .     (C.11) 

 

Since (1.7) applies to X2  as well, we replace X2 with is corresponding value 

  

   0
0/

0

0

ln( / )
ln[ ]

j NH h
F F

h h e
X

λ
−

−
= − − ,    (C.12) 

 

which is result (2.19) with R` replacing the flux ratio. 
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APPENDIX D: Height_Calc and Height2 Before Modifications 
 

 

      subroutine sysdep 

c use newver='NEW' for vaxes, 'UNKNOWN' in other machines, 

      character * 7 newver 

      common/newver/newver 

      newver = 'UNKNOWN' 

      end 

 

      subroutine delete(fname) 

      character * 80 str 

      character * (*) fname 

      l = len(fname) 

      k = 1 

      dowhile(fname(k:k).eq.' '.and.k.lt.l) 

         k = k+1 

      enddo 

      dowhile(fname(l:l).eq.' '.and.l.gt.k) 

         l = l-1 

      enddo 

      if(l-k.gt.70) then 

         write(*,*) 'delete: filename > 70 chars not allowed' 

         stop 

      endif 

      if(l.eq.k) then 

         write(*,*) 'delete: void filename' 

         stop 

      endif 

      str(1:) = '\\rm ' 

      str(7:) = fname(k:l) 

      call system(str) 

      end 

       

 

      double precision function height_calc(tau, theta) 

      implicit none 

      DOUBLE PRECISION  a1, b1, y1, y2, sum, result, y, y0 

      DOUBLE PRECISION  term1, term2, term3, term4, term5 

      DOUBLE PRECISION  term2a, term3a, term4a, term5a 

      DOUBLE PRECISION cost, U_LIMIT, THETA, upper_limit, SLANT, b 

      DOUBLE PRECISION TAU 

      INTEGER  a, i, n, max_lower_limit, sort1 

      DOUBLE PRECISION  Radius_of_Earth, R, h0 

      DOUBLE PRECISION  x(24), w(24) 

 

C..MZ in this sub. we changed all req. functions so  

C..MZ thye would take a double precision variable  

      w(1) = 0.00315334605 

      x(1) = 0.998771007 

      w(2) = 0.0073275539 

      x(2) = 0.993530172 

      w(3) = 0.0114772346 

      x(3) = 0.984124584 

      w(4) = 0.0155793157 

      x(4) = 0.970591593 
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      w(5) = 0.0196161605 

      x(5) = 0.952987703 

      w(6) = 0.0235707608 

      x(6) = 0.931386691 

      w(7) = 0.0274265097 

      x(7) = 0.905879137 

      w(8) = 0.0311672278 

      x(8) = 0.87657202 

      w(9) = 0.0347772226 

      x(9) = 0.843588262 

      w(10) = 0.0382413511 

      x(10) = 0.807066204 

      w(11) = 0.0415450829 

      x(11) = 0.767159033 

      w(12) = 0.0446745609 

      x(12) = 0.724034131 

      w(13) = 0.0476166585 

      x(13) = 0.67787238 

      w(14) = 0.0503590356 

      x(14) = 0.628867397 

      w(15) = 0.0528901895 

      x(15) = 0.577224726 

      w(16) = 0.0551995037 

      x(16) = 0.523160975 

      w(17) = 0.0572772921 

      x(17) = 0.466902905 

      w(18) = 0.0591148397 

      x(18) = 0.408686482 

      w(19) = 0.0607044392 

      x(19) = 0.348755886 

      w(20) = 0.0620394232 

      x(20) = 0.287362487 

      w(21) = 0.0631141923 

      x(21) = 0.22476379 

      w(22) = 0.0639242386 

      x(22) = 0.161222356 

      w(23) = 0.0644661644 

      x(23) = 0.0970046992 

      w(24) = 0.0647376968 

      x(24) = 0.032380171 

 

      upper_limit=7500 

      slant=3.11d0*1300*tau 

 

 n = 24 

      R=6371.01 

      h0=6.4d0 

      max_lower_limit=upper_limit 

      sort1=0 

      a=0 

 

 999  a=a+1 

  b=upper_limit 

         a1 = (a*.001+b) / 2 

         b1 = (b-a*.001) / 2 

         sum = 0 
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         do i=1,n 

             y =( b1 * x(i) + a1) 

             y0 = (a1 - x(i) * b1) 

             term1 = R**2 

C..MZ        dcos replaces cos since it takes a double precision 

variable 

             term2 = 2 * R * y * dcos(theta) 

             term2a = 2 * R * y0 * dcos(theta) 

             term3 = y**2 

             term3a = y0**2 

             term4 = term1 + term2 + term3 

             term4a = term1 + term2a + term3a 

C..MZ        DSQRT replaces SQRT since it takes a double precision 

vairablw            

      term5 =-( DSQRT(term4) - R) / h0 

             term5a =-( DSQRT(term4a) - R) / h0 

C..MZ        dexp replaces exp for same reason 

             y1 =  dexp(term5) 

             y2 = dexp(term5a) 

             sum = sum + (w(i) * (y1 + y2)) 

         end do 

 

         result = b1* sum * 1d5 * .00203125 

C..MZ    dabs replaces abs for same reason 

         if (dabs(result-SLANT)/SLANT.lt..001) then 

            height_calc = a*.001*1d6 

            goto 1000 

         end if    

 

         if (sort1.eq.0) then 

            if (result.gt.SLANT) then 

               a=a+10000 

               goto 999 

            else  

               sort1=1  

               a=a-10000 

  goto 999 

            end if    

         end if    

 

         if (sort1.eq.1) then 

            if (result.gt.SLANT) then 

               a=a+5000 

               goto 999 

            else 

               sort1=2 

               a=a-5000 

  goto 999 

            end if 

 end if 

 

         if (sort1.eq.2) then 

            if (result.gt.SLANT) then 

               a=a+2500 

               goto 999 

            else 

               sort1=3 
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               a=a-2500 

  goto 999 

            end if 

         end if 

 

         if (sort1.eq.3) then 

            if (result.gt.SLANT) then 

               a=a+1000 

               goto 999 

            else 

               sort1=4 

               a=a-1000 

  goto 999 

            end if 

         end if 

 

         if (sort1.eq.4) then 

            if (result.gt.SLANT) then 

               a=a+500 

               goto 999 

            else 

               sort1=5 

               a=a-500 

  goto 999 

            end if 

         end if 

 

         if (sort1.eq.5) then 

            if (result.gt.SLANT) then 

               a=a+100 

               goto 999 

            else 

               sort1=6 

               a=a-100 

  goto 999 

            end if 

         end if 

 

 if (sort1.eq.6) then 

    if (result.gt.slant) then 

  a=a+10 

  goto 999 

    else 

  sort1=7 

  a=a-10 

  goto 999  

  end if 

 end if  

 998     if (a.lt.max_lower_limit*1000) goto 999 

 1000 continue 

 

      return  

      end 

 

 

      double precision function height2(upper_limit,tau,theta)  

      implicit none 
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      DOUBLE PRECISION  a1, b1, y1, y2, sum, result, y, y0 

      DOUBLE PRECISION  term1, term2, term3, term4, term5 

      DOUBLE PRECISION  term2a, term3a, term4a, term5a 

      DOUBLE PRECISION cost, U_LIMIT, THETA, upper_limit, SLANT, b 

      DOUBLE PRECISION TAU 

      INTEGER  a, i, n, max_lower_limit, sort1 

      DOUBLE PRECISION  Radius_of_Earth, R, h0 

      DOUBLE PRECISION  x(24), w(24) 

 

 

      w(1) = 0.00315334605 

      x(1) = 0.998771007 

      w(2) = 0.0073275539 

      x(2) = 0.993530172 

      w(3) = 0.0114772346 

      x(3) = 0.984124584 

      w(4) = 0.0155793157 

      x(4) = 0.970591593 

      w(5) = 0.0196161605 

      x(5) = 0.952987703 

      w(6) = 0.0235707608 

      x(6) = 0.931386691 

      w(7) = 0.0274265097 

      x(7) = 0.905879137 

      w(8) = 0.0311672278 

      x(8) = 0.87657202 

      w(9) = 0.0347772226 

      x(9) = 0.843588262 

      w(10) = 0.0382413511 

      x(10) = 0.807066204 

      w(11) = 0.0415450829 

      x(11) = 0.767159033 

      w(12) = 0.0446745609 

      x(12) = 0.724034131 

      w(13) = 0.0476166585 

      x(13) = 0.67787238 

      w(14) = 0.0503590356 

      x(14) = 0.628867397 

      w(15) = 0.0528901895 

      x(15) = 0.577224726 

      w(16) = 0.0551995037 

      x(16) = 0.523160975 

      w(17) = 0.0572772921 

      x(17) = 0.466902905 

      w(18) = 0.0591148397 

      x(18) = 0.408686482 

      w(19) = 0.0607044392 

      x(19) = 0.348755886 

      w(20) = 0.0620394232 

      x(20) = 0.287362487 

      w(21) = 0.0631141923 

      x(21) = 0.22476379 

      w(22) = 0.0639242386 

      x(22) = 0.161222356 

      w(23) = 0.0644661644 

      x(23) = 0.0970046992 

      w(24) = 0.0647376968 



 76 

      x(24) = 0.032380171 

 

      upper_limit=upper_limit/1d6 

      slant=3.11d0*1300*tau 

      n=24 

      R=6371.01 

      h0=6.4d0 

      max_lower_limit=upper_limit 

      sort1=0 

      a=0 

  

 999  a=a+1 

         b=upper_limit 

         a1 = (a*.001+b) / 2 

         b1 = (b-a*.001) / 2 

         sum = 0 

 

         do i=1,n 

             y =( b1 * x(i) + a1) 

             y0 = (a1 - x(i) * b1) 

             term1 = R**2 

             term2 = 2 * R * y * cos(theta) 

             term2a = 2 * R * y0 * cos(theta) 

             term3 = y**2 

             term3a = y0**2 

             term4 = term1 + term2 + term3 

             term4a = term1 + term2a + term3a 

             term5 =-( SQRT(term4) - R) / h0 

             term5a =-( SQRT(term4a) - R) / h0 

             y1 = exp(term5) 

             y2 = exp(term5a) 

             sum = sum + (w(i) * (y1 + y2)) 

         end do 

 

         result = b1* sum * 1d5 * .00203125 

          

         if (abs(result-SLANT)/SLANT.lt..001) then 

            height2 = a*.001*1d6 

            goto 1000 

         end if    

 

         if (sort1.eq.6) goto 998 

         if (sort1.eq.0) then 

            if (result.gt.SLANT) then 

               a=a+10000 

               goto 999 

            else  

               sort1=1  

               a=a-10000 

               goto 999 

            end if    

         end if    

 

         if (sort1.eq.1) then 

            if (result.gt.SLANT) then 

               a=a+5000 

               goto 999 
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            else 

               sort1=2 

               a=a-5000 

               goto 999 

            end if 

         end if 

 

         if (sort1.eq.2) then 

            if (result.gt.SLANT) then 

               a=a+1000 

               goto 999 

            else 

               sort1=3 

               a=a-1000 

               goto 999 

            end if 

         end if 

 

         if (sort1.eq.3) then 

            if (result.gt.SLANT) then 

               a=a+500 

               goto 999 

            else 

               sort1=4 

               a=a-500 

               goto 999 

            end if 

         end if 

 

         if (sort1.eq.4) then 

            if (result.gt.SLANT) then 

               a=a+100 

               goto 999 

            else 

               sort1=5 

               a=a-100 

               goto 999 

            end if 

         end if 

 

         if (sort1.eq.5) then 

            if (result.gt.SLANT) then 

               a=a+10 

               goto 999 

            else 

               sort1=6 

               a=a-10 

               goto 999 

            end if 

         end if 

 

 998  if (a.lt.max_lower_limit*1000) goto 999 

 1000 continue 

      return  

      end 
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APPENDIX E: Height_Calc and Height2 After Modifications 

 
!MZ   This subroutine has the modifications that we 

!MZ added in our attempt to increase its efficiency 

!MZ  in terms of its running time and to improve  

!MZ   the quality of the results.  

      subroutine sysdep 

c use newver='NEW' for vaxes, 'UNKNOWN' in other machines, 

      character * 7 newver 

      common/newver/newver 

      newver = 'UNKNOWN' 

      end 

 

      subroutine delete(fname) 

      character * 80 str 

      character * (*) fname 

      l = len(fname) 

      k = 1 

      dowhile(fname(k:k).eq.' '.and.k.lt.l) 

         k = k+1 

      enddo 

      dowhile(fname(l:l).eq.' '.and.l.gt.k) 

         l = l-1 

      enddo 

      if(l-k.gt.70) then 

         write(*,*) 'delete: filename > 70 chars not allowed' 

         stop 

      endif 

      if(l.eq.k) then 

         write(*,*) 'delete: void filename' 

         stop 

      endif 

      str(1:) = '\\rm ' 

      str(7:) = fname(k:l) 

      call system(str) 

      end 

       

      double precision function height_calc(tau, theta) 

      implicit none 

      DOUBLE PRECISION  a1, b1, y1, y2, sum, result, y, y0 

      DOUBLE PRECISION  term1, term2, term3, term4, term5 

      DOUBLE PRECISION  term2a, term3a, term4a, term5a 

      DOUBLE PRECISION cost, U_LIMIT, THETA, upper_limit, SLANT, b 

      DOUBLE PRECISION TAU 

      !INTEGER  a, i, n, max_lower_limit, sort1 

!MZ   we decided to make 'a' , 'max_lower_limit',  

!MZ   and 'sort1'  double precision variable 

      INTEGER   i, n 

      DOUBLE PRECISION  Radius_of_Earth, R, h0,a, sort1 

      DOUBLE PRECISION  x(24), w(24), max_lower_limit 

!MZ   All the x's and w's are in double precision 

!MZ   form 

 

      w(1) = 0.00315334605D0 

      x(1) = 0.998771007D0 

      w(2) = 0.0073275539D0 
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      x(2) = 0.993530172D0 

      w(3) = 0.0114772346D0 

      x(3) = 0.984124584D0 

      w(4) = 0.0155793157D0 

      x(4) = 0.970591593D0 

      w(5) = 0.0196161605D0 

      x(5) = 0.952987703D0 

      w(6) = 0.0235707608D0 

      x(6) = 0.931386691D0 

      w(7) = 0.0274265097D0 

      x(7) = 0.905879137D0 

      w(8) = 0.0311672278D0 

      x(8) = 0.87657202D0 

      w(9) = 0.0347772226D0 

      x(9) = 0.843588262D0 

      w(10) = 0.0382413511D0 

      x(10) = 0.807066204D0 

      w(11) = 0.0415450829D0 

      x(11) = 0.767159033D0 

      w(12) = 0.0446745609D0 

      x(12) = 0.724034131D0 

      w(13) = 0.0476166585D0 

      x(13) = 0.67787238D0 

      w(14) = 0.0503590356D0 

      x(14) = 0.628867397D0 

      w(15) = 0.0528901895D0 

      x(15) = 0.577224726D0 

      w(16) = 0.0551995037D0 

      x(16) = 0.523160975D0 

      w(17) = 0.0572772921D0 

      x(17) = 0.466902905D0 

      w(18) = 0.0591148397D0 

      x(18) = 0.408686482D0 

      w(19) = 0.0607044392D0 

      x(19) = 0.348755886D0 

      w(20) = 0.0620394232D0 

      x(20) = 0.287362487D0 

      w(21) = 0.0631141923D0 

      x(21) = 0.22476379D0 

      w(22) = 0.0639242386D0 

      x(22) = 0.161222356D0 

      w(23) = 0.0644661644D0 

      x(23) = 0.0970046992D0 

      w(24) = 0.0647376968D0 

      x(24) = 0.032380171D0 

 

      upper_limit=7500d0 

      slant=3.11d0*1300d0*tau 

 n = 24 

      R=6371.01D0 

      h0=6.4d0 

      max_lower_limit=upper_limit 

      sort1=0d0 

      a=0d0 

 999  a=a+1d0 

  b=upper_limit 

         a1 = (a*.001d0+b) / 2d0 
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         b1 = (b-a*.001d0) / 2d0 

         sum = 0d0 

         do i=1,n 

 

!MZ All functiuons converted to take double  

!MZ variables and to produce double precision 

!MZ results. 

             y =( b1 * x(i) + a1) 

             y0 = (a1 - x(i) * b1) 

             term1 = R**2d0 

             term2 = 2d0 * R * y * dcos(theta) 

             term2a = 2d0 * R * y0 * dcos(theta) 

             term3 = y**2d0 

             term3a = y0**2d0 

             term4 = term1 + term2 + term3 

             term4a = term1 + term2a + term3a 

             term5 =-( DSQRT(term4) - R) / h0 

             term5a =-( DSQRT(term4a) - R) / h0 

             y1=dexp(term5) 

   y2=dexp(term5a) 

  

             sum = sum + (w(i) * (y1 + y2)) 

         end do 

 

         result = b1* sum * 1d5 * .00203125d0 

          

         if (dabs(result-SLANT)/SLANT.lt..001d0) then 

            height_calc = a*.001d0*1d6 

            goto 1000 

         end if    

 

         if (sort1.eq.0d0) then 

            if (result.gt.SLANT) then 

               a=a+10000d0 

               goto 999 

            else  

               sort1=1d0  

               a=a-10000d0 

  goto 999 

            end if    

         end if    

 

         if (sort1.eq.1d0) then 

            if (result.gt.SLANT) then 

               a=a+5000d0 

               goto 999 

            else 

               sort1=2d0 

               a=a-5000d0 

  goto 999 

            end if 

 end if 

 

         if (sort1.eq.2d0) then 

            if (result.gt.SLANT) then 

               a=a+2500d0 

               goto 999 
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            else 

               sort1=3d0 

               a=a-2500d0 

  goto 999 

            end if 

         end if 

 

         if (sort1.eq.3d0) then 

            if (result.gt.SLANT) then 

               a=a+1000d0 

               goto 999 

            else 

               sort1=4d0 

               a=a-1000d0 

  goto 999 

            end if 

         end if 

 

         if (sort1.eq.4d0) then 

            if (result.gt.SLANT) then 

               a=a+500d0 

               goto 999 

            else 

               sort1=5d0 

               a=a-500d0 

  goto 999 

            end if 

         end if 

 

         if (sort1.eq.5d0) then 

            if (result.gt.SLANT) then 

               a=a+100d0 

               goto 999 

            else 

               sort1=6d0 

               a=a-100d0 

  goto 999 

            end if 

         end if 

 

 if (sort1.eq.6d0) then 

    if (result.gt.slant) then 

  a=a+10d0 

  goto 999 

    else 

  sort1=7d0 

  a=a-10d0 

  goto 999  

  end if 

 end if  

 998     if (a.lt.max_lower_limit*1000d0) goto 999 

 1000 continue 

      return  

      end 

      double precision function height2(upper_limit,tau,theta)  

      implicit none 

      DOUBLE PRECISION  a1, b1, y1, y2, sum, result, y, y0 
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      DOUBLE PRECISION  term1, term2, term3, term4, term5 

      DOUBLE PRECISION  term2a, term3a, term4a, term5a 

      DOUBLE PRECISION cost, U_LIMIT, THETA, upper_limit, SLANT, b 

      DOUBLE PRECISION TAU 

!MZ   INTEGER  a, i, n, max_lower_limit, sort1 'a', 'sort1' and 

!MZ   'msx_lower_limit' are to be converted to double precison 

 integer i, n  

      DOUBLE PRECISION   a, sort1, max_lower_limit  

      DOUBLE PRECISION  Radius_of_Earth, R, h0,a , sort1 

      DOUBLE PRECISION  x(24), w(24) 

!MZ   similar procedure 

 

      w(1) = 0.00315334605d0 

      x(1) = 0.998771007d0 

      w(2) = 0.0073275539d0 

      x(2) = 0.993530172d0 

      w(3) = 0.0114772346d0 

      x(3) = 0.984124584d0 

      w(4) = 0.0155793157d0 

      x(4) = 0.970591593d0 

      w(5) = 0.0196161605d0 

      x(5) = 0.952987703d0 

      w(6) = 0.0235707608d0 

      x(6) = 0.931386691d0 

      w(7) = 0.0274265097d0 

      x(7) = 0.905879137d0 

      w(8) = 0.0311672278d0 

      x(8) = 0.87657202d0 

      w(9) = 0.0347772226d0 

      x(9) = 0.843588262d0 

      w(10) = 0.0382413511d0 

      x(10) = 0.807066204d0 

      w(11) = 0.0415450829d0 

      x(11) = 0.767159033d0 

      w(12) = 0.0446745609d0 

      x(12) = 0.724034131d0 

      w(13) = 0.0476166585d0 

      x(13) = 0.67787238d0 

      w(14) = 0.0503590356d0 

      x(14) = 0.628867397d0 

      w(15) = 0.0528901895d0 

      x(15) = 0.577224726d0 

      w(16) = 0.0551995037d0 

      x(16) = 0.523160975d0 

      w(17) = 0.0572772921d0 

      x(17) = 0.466902905d0 

      w(18) = 0.0591148397d0 

      x(18) = 0.408686482d0 

      w(19) = 0.0607044392d0 

      x(19) = 0.348755886d0 

      w(20) = 0.0620394232d0 

      x(20) = 0.287362487d0 

      w(21) = 0.0631141923d0 

      x(21) = 0.22476379d0 

      w(22) = 0.0639242386d0 

      x(22) = 0.161222356d0 

      w(23) = 0.0644661644d0 
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      x(23) = 0.0970046992d0 

      w(24) = 0.0647376968d0 

      x(24) = 0.032380171d0 

 

      upper_limit=upper_limit/1d6 !makes no sence 

      slant=3.11d0*1300d0*tau 

      n=24 

      R=6371.01d0 

      h0=6.4d0 

      max_lower_limit=upper_limit 

      sort1=0d0 

      a=0d0 

  

 999  a=a+1d0 

         b=upper_limit 

         a1 = (a*.001d0+b) / 2d0 

         b1 = (b-a*.001d0) / 2d0 

         sum = 0d0 

 

         do i=1,n 

             y =( b1 * x(i) + a1) 

             y0 = (a1 - x(i) * b1) 

             term1 = R**2d0 

             term2 = 2d0 * R * y * dcos(theta) 

             term2a = 2d0 * R * y0 * dcos(theta) 

             term3 = y**2d0 

             term3a = y0**2d0 

             term4 = term1 + term2 + term3 

             term4a = term1 + term2a + term3a 

             term5 =-( DSQRT(term4) - R) / h0 

             term5a =-( DSQRT(term4a) - R) / h0 

             y1=dexp(term5) 

        y2=dexp(term5a)   

             sum = sum + (w(i) * (y1 + y2)) 

         end do 

 

         result = b1* sum * 1d5 * .00203125d0 

!MZ more precise variables to compare with in the logical expression 

         if (dabs(result-SLANT)/SLANT.lt..001d0) then 

            height2 = a*.001d0*1d6 

            goto 1000 

         end if    

 

         if (sort1.eq.6d0) goto 998 

         if (sort1.eq.0d0) then 

            if (result.gt.SLANT) then 

               a=a+10000d0 

               goto 999 

            else  

               sort1=1  

               a=a-10000d0 

               goto 999 

            end if    

         end if    

 

         if (sort1.eq.1d0) then 

            if (result.gt.SLANT) then 
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               a=a+5000d0 

               goto 999 

            else 

               sort1=2d0 

               a=a-5000d0 

               goto 999 

            end if 

         end if 

 

         if (sort1.eq.2d0) then 

            if (result.gt.SLANT) then 

               a=a+1000d0 

               goto 999 

            else 

               sort1=3d0 

               a=a-1000d0 

               goto 999 

            end if 

         end if 

 

         if (sort1.eq.3d0) then 

            if (result.gt.SLANT) then 

               a=a+500d0 

               goto 999 

            else 

               sort1=4d0 

               a=a-500d0 

               goto 999 

            end if 

         end if 

 

         if (sort1.eq.4d0) then 

            if (result.gt.SLANT) then 

               a=a+100d0 

               goto 999 

            else 

               sort1=5d0 

               a=a-100d0 

               goto 999 

            end if 

         end if 

 

         if (sort1.eq.5d0) then 

            if (result.gt.SLANT) then 

               a=a+10d0 

               goto 999 

            else 

               sort1=6d0 

               a=a-10d0 

               goto 999 

            end if 

         end if 

 

 998  if (a.lt.max_lower_limit*1000d0) goto 999 

 1000 continue 

      return  

      end 
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APPENDIX F: Height_Calc and Height2 with Shibata’s Model 

 
      subroutine sysdep 

c use newver='NEW' for vaxes, 'UNKNOWN' in other machines, 

      character * 7 newver 

      common/newver/newver 

      newver = 'UNKNOWN' 

      end 

 

      subroutine delete(fname) 

      character * 80 str 

      character * (*) fname 

      l = len(fname) 

      k = 1 

      dowhile(fname(k:k).eq.' '.and.k.lt.l) 

         k = k+1 

      enddo 

      dowhile(fname(l:l).eq.' '.and.l.gt.k) 

         l = l-1 

      enddo 

      if(l-k.gt.70) then 

         write(*,*) 'delete: filename > 70 chars not allowed' 

         stop 

      endif 

      if(l.eq.k) then 

         write(*,*) 'delete: void filename' 

         stop 

      endif 

      str(1:) = '\\rm ' 

      str(7:) = fname(k:l) 

      call system(str) 

      end 

       

 

      double precision function height_calc(tau, theta)     

      DOUBLE PRECISION  a1, b1, y1, y2, sum, result, y, y0 

      DOUBLE PRECISION  term1, term2, term3, term4, term5 

      DOUBLE PRECISION  term2a, term3a, term4a, term5a 

      DOUBLE PRECISION cost, U_LIMIT, THETA, upper_limit, SLANT, b 

      DOUBLE PRECISION TAU 

      !INTEGER  a, i, n, max_lower_limit, sort1 

 ! we decided to make 'a' , 'max_lower_limit',  

 ! and 'sort1'  double precision variable 

      INTEGER   i, n 

      DOUBLE PRECISION  Radius_of_Earth, R, h0,a, sort1 

      DOUBLE PRECISION  aleph, ba, ta, max_lower_limit 

  

 

 

      upper_limit=7500d0 

 max_lower_limit = 7500d0 

      slant=3.11d0*1300d0*tau 

 slant = slant*dcos(theta) 

 if (slant .le. 25d0) then  

 aleph = 2.99d-1*(dlog(slant/1d1))**2 

 height_calc = 47.05d0+(6.9d0*dlog(slant))+aleph 
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 else  

 if (slant .le. 2.3d2) then 

  

 height_calc= 45.5d0 - (6.34d0*dlog(slant)) 

  

 else  

 height_calc=44.34d0-(11.861d0*(slant)**(.19d0)) 

 height_calc= height_calc*1d6 ! to convert it to millimeters.    

 end if 

 end if 

          

  

 return  

 end  

 

 double precision function height2(upper_limit, tau, theta)  

! implicit none 

 DOUBLE PRECISION  a1, b1, y1, y2, sum, result, y, y0 

      DOUBLE PRECISION  term1, term2, term3, term4, term5 

      DOUBLE PRECISION  term2a, term3a, term4a, term5a 

      DOUBLE PRECISION cost, U_LIMIT, THETA, upper_limit, SLANT, b 

      DOUBLE PRECISION TAU  

      INTEGER   i, n 

      DOUBLE PRECISION  Radius_of_Earth, R, h0,a, sort1 

      DOUBLE PRECISION  aleph, ba, ta, max_lower_limit 

          

       

      upper_limit=75d2/1d6 

      slant=3.11d0*1300d0*tau 

 slant = slant*dcos(theta)       

        if (slant .le. 25d0) then 

        aleph = 2.99d-1*(dlog(slant/1d1))**2 

        height2 = 47.05d0+(6.9d0*dlog(slant))+aleph 

       

        else 

        if (slant .le. 2.3d2) then 

          

        heightcalc2= 45.5d0 - (6.34d0*dlog(slant)) 

 

        else 

        height2=44.34d0-(11.861d0*(slant)**(.19d0)) 

        height2= height2*1d6 ! to convert it to millimeters. 

        end if 

        end if                    

 

      return  

      end 

 

 

 

 
 

 


